In this paper, we consider the non-central modified Kratzer potential. We tried to connect the corresponding Schrödinger equation to the associated Laguerre and Jacobi equation. For this purpose the factorization information from associated function was employed to solve the corresponding equations. It leads us to have some raising and lowering operators which are first--order equations. These operators help us to obtain all quantum states and energy spectrum for different n and m. The obtained results show that the degeneracy of the second quantum number (m) is completely removed.
Introduction
The Kratzer or modified Kratzer-type potentials [1] , which we consider in this paper, have played an important role in the history of the molecular structure and interactions [2] . This potential offered one of the most important exact models of atomic and molecular physics and quantum chemistry. It may be applied to energy spectrum for the CO diatomic molecule with different quantum numbers. Also the analytical solution of the radial Schrödinger equation is of high importance in non--relativistic quantum mechanics since the wave function contains all the necessary information to describe a quantum system fully. As we know the quasi-exact solution for the radial Schrödinger equation within a given potential is given by Ref. [3] . In the spherical coordinates, the Schrödinger equation with the non--central modified Kratzer potential is
where the non-central modified Kratzer potential is
and D is the dissociation energy, a is the equilibrium internuclear separation, β and γ are strictly positive constants. The first term of this potential is the modified Kratzer potential, the second and third terms are the angle dependent parts. If the spherical total wave function as ψ(r, θ, ϕ) = R(r)Y (θ, ϕ) is inserted into Eq. (1), the wave equation for the non-central modified Kratzer potential is separated into variables and the following equations are obtained:
and
where
First we are going to discuss the radial part of the Schrödinger equation corresponding to the Kratzer potential.
Radial part of the Schrödinger equation
The radial part of the Schrödinger equation given by Eq. (2) can be written as
We choose the following variable:
so we have
In order to obtain the parameters (D and λ), eigenfunction and eigenvalue for the non-central Kratzer potential we compare Eq. (7) with the following associated Laguerre differential equation [4] [5] [6] :
so we obtain the U (r) and D,
From Eqs. (6) and (9) one can obtain the corresponding eigenfunction
(11) In that case the exact energy eigenvalues of the radial part of the Schrödinger equation with the non-central Kratzer potential are derived as
also the λ is separation constant which is obtained by
We note here that the solution associated Laguerre equation in the Rodrigues representation is
in which a n,m (α, β) is the normalization coefficient, and is also obtained by
.
Here we also discuss the raising and lowering operators which correspond to the radial part of the Kratzer potential. Therefore, we can factorize the associated Laguerre differential equation with respect to the parameters n and m as follows:
where the differential operators as functions of parameters n and m are, respectively
Let us note that the shape in variance Eq. (16) can also be written as the raising and lowering relation
Therefore, we obtain the raising and lowering operators for the radial part of the Kratzer potential. These operators help us to have bound states for that system.
Polar angle part of the Schrödinger equation
We may also derive the eigenvalues and eigenfunctions of the polar angle part of the Schrödinger equation similar to the solution of the radial part. By introducing a new variable x = cos θ, we can write Eq. (3) as follows:
With the choice of the following variable: 
Also here, in order to obtain the parameters, eigenfunction, and eigenvalue for the non-central Kratzer potential we compare Eq. (21) with the following associated Jacobi differential equation [7] :
Therefore, for the energy spectrum we obtain
The corresponding wave functions are found as
The associated Jacobi functions P
n,m (x) as the solution of the differential equation have the following Rodrigues representation:
Now we are going to discuss the raising and lowering operators corresponding to the non-central Kratzer polar angle part of the Schrödinger equation. As mentioned in Refs. [8, 4, 7] , we can write the associated Jacobi differential Eq. (21) as the following:
In the case of shape invariance with respect to m we have
Also, these operators help us to discuss the bound states for the corresponding potential. In two cases we can see that the energy spectrum is independent of parameters β and γ. In order to show the effect of the modified Kratzer potential on the energy spectrum, the obtained energy spectrum of radial and angular part from solving Schrödinger equation are illustrated in Fig. 1 and Fig. 2 as a function of quantum numbers n and m, respectively.
Conclusion
We have shown that in a systematic approach the energy spectrum and the corresponding eigenfunctions of the Schrödinger equation with non-central potentials can be easily obtained by using the method presented in this study.
As we see in Figs. 1 and 2 the degeneracy of the second quantum number is completely removed also for the special values of n and m (m ≤ n−1). In Fig. 1 the variation of energy spectrum decreases but in Fig. 2 this energy increases. These results may be applied in future to the CO-like diatomic molecule for different quantum numbers.
